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Abstract

Production forecasting is a crucial process in the Oil and Gas Business. Arps decline curves are the most common of these
forecasting tools. The Exponential, Hyperbolic and Harmonic declines originated by ].J. Arps are three main decline profile
types widely used in the industry. Exponential and Harmonic curves are more common because of the ease of fitting production
profiles with them. Exponential and Harmonic, which rarely occur, are special cases the general Arps Decline curve. However,
hyperbolic is the principal Decline curve equation. The difficulty in hyperbolic Decline fitting is in the prediction of the
second decline parameter (Decline exponent). A hyperbolic decline fit of oil and gas production using a linear form has been
demonstrated earlier on, and this worked well except for the estimation of initial production rate which was obtained by data
regression. This paper shows yet another linear form of hyperbolic decline using Cumulative Production, Production Rate
and Time. The novel form was found to be a better representation of the hyperbolic form than even the earlier linear model if
Cumulative productions, production Rate with time data is available. This model will improve remaining reserves estimation,
production rate forecasting and cumulative production trending. It should be noted, at this point, that the linear form presented
here only replicates the exact Arp’s hyperbolic Decline form but cannot account for the decline pattern exhibited by wells due
to drastic changes in reservoir fluid or rock properties like Gas-oil-ratio, water cut, porosity, permeability and changes caused
by introduction of Artificial Lift or enhanced recovery scheme. The explicit determination of Initial Production Rate, Decline
Exponent and Decline Constant using this derived linear form, in this paper, is the strength of this method over and above

other methods.
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- J
Introduction progresses. The strength of a decline curve tool lies in its
ability to fit the decline trend, forecast with great measure

Decline Curve Analysis is the practice of mimicking of accuracy, the future trend and estimates reserves. Arps
production trending as a function of time as exploitation decline curve is as of now the most popular form of decline
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largely because it fits into this trend. Arps JJ [1] developed
Decline curve empirically by principles of lost ratio. The
Exponential, Hyperbolic and Harmonic declines were
developed, also, by Arps ]] [2] in a later publication. Of these
three declines, only hyperbolic decline does not have a
direct linear form from Production rate and time equation.
Exponential and Harmonic form of the rate trend with time
could easily be transformed to straight line forms based on
simple Algebraic operations [3].

Fetkovich M] [4], came up with exact method of fitting
Hyperbolic Decline curves by type curve matching*. These
he did with discreet points of decline exponents. The major
limitation is that it does not determine the unique decline
exponent for any given Decline trend. It is however presently
relied upon as one of the best methods for estimating decline
exponent. Li and Horne, in 2005, published a linear form
of the hyperbolic decline but its application was limited to
diagnostic of the decline exponent and linking Fetkovich’s
type curve to the derived linear form. Model was not used
to determine decline constant and Initial Production Rate.
Hence the linear form could not be used to fit the hyperbolic
trend of even a smooth data much less a scattered data [5].

There has been no straight-line form documented in
the literatures of Decline curve analyses that fit the Arp’s
hyperbolic decline curve profile on production data without
non-linear regression. This point is further underscored by
the fact that there are a lot of programs and subroutines
that fit hyperbolic decline profiles, and none exists for either
exponential or harmonic decline profiles. Nwankwo KO, et al.
[6], published two linear forms of the Arp’s hyperbolic decline
equation namely the Rate-Rate Derivative-Time linear form
and Decline Constant Harmonized linear form which best
trended smooth data and scattered data respectively with an
added iterative Initial rate program using error minimization
method.

The aim of this paper is to establish a linear form of Arp’s
Hyperbolic decline equation that can be used to explicitly fit
the decline profile (without determining iteration on initial
production rate). This will simplify the hyperbolic decline
fitting, reduce computer time, and eliminate errors due to
approximations. Furthermore, it would provide a unique
linear form whose extrapolate is a natural fit and a perfect
representation of the hyperbolic profile over the decline
trend.

Arps Decline Curve

Arps ]] presented the generalized form of decline as a
production rate function [1].
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g= 4q;
)
(1+bDr)? (1)
Where the constants:
q;: Initial Production rate

D: Decline constant
B: Decline exponent

He, also, classified Decline curves into three types [2]:
Exponential (Constant percentage) Decline (b=0) [2]:

q=qe"” (1a)

Hyperbolic Decline(0<b<1) [2]:

g= 4q;

(1+bD1)" S
Harmonic Decline (b=1) [2] :
4q;

= 1b

1 1+D (10)

It is easily observed from either binomial approximation
ofequations (1) and (1b) and maclaurin series approximation
that when Dt is far less than 1,

qzqi(l—Dt) (1¢)
Linear Forms of ARPS Decline Equations

The linear forms used to evaluate the constants in Arps
Decline equation are:

Exponential Decline

Ing=1Ing, - Dt (2a)
Harmonic Decline
1 1
q9 ¢, (2b)

Equations (2a) and (2b) are easily inferred from the
equations (1a) & (1b) respectively.

Earlier on in the year, Authors published a paper on
linear forms to fit Arp’s hyperbolic profile. The first linear
form, rate-rate derivative-time method, and the other Decline
Constant Harmonization method. The linear methods above
are difficult fitting and there is also a need to improve
accuracy and explicitly determine Initial Production Rate.
Hence a need for a linear form that will reduce the challenge
in fitting the Arps hyperbolic Decline curve.
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Cum-Rate-Time Method

This was derived from the Cumulative Production,
Production rate and time. This is based on principle that the
ratio of remaining mobile fluid to instantaneous production
is in partial linear variation with time. At any point, the
remaining mobile fluid is calculated by subtracting the
cumulative production from the initial mobile fluid volume
(Maximum mobile fluid volume).

The hyperbolic decline equation, from equation (1), is
given by,

(1+bDt)"

Cumulative Production for Decline curve is given by Arps
2]
t
AN, = [ qdt
0 (3)

Substituting, the hyperbolic decline curve equation
(equation (1)) above into (3) and integrating gives,

q; q; *y“
AN = - 1+bDt) 7t
TR

(4)

The term (@ =~ (Maximum Mobile fluid volume - ie.
Mobile fluid volume at time Zero) is expressed as:

-4 (5)
Qabs D(l _ b)

Subtracting equations (7) from (8) and dividing by flow
rate equation (1) gives:

—AN
Qabs ro_ 1 + bt (6)
g D(1-b) (1-b)
q b
= AN, = - - t 7
P Qabs D(l—b) l—bq (a)
AN, =mqg+m,qt+Q,, (7b)
Where
b .
m, =—— (7b ()
b-1
And
m : (7b (ii))
= ii
" D(b-1)

Equation (7b) is a spatial linear equation and plotting
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AN against q and qt will give a straight line in a spatial co-
ordinate system from which g, b and D could be obtained.

However, the hyperbolic fit could also be obtained by
method of multiple linear regression using equation 7(a).
This will calculate the exact hyperbolic parameters, g, b and
D from which the equation will be obtained. This can easily
be done by representing the above equation in the form

Furthermore, the decline constant, D, and decline
exponent, b, are obtained from equation (7c) as

poa (7c (1))
m, —1
m, —1

D= - (7c (ii))

Alternatively, () could either be calculated from
multiple regression analysis method in the appendix or be
obtained graphically by plotting as the Z-intercept of the
graph ANp of against q and qt.

The decline constant, D, and decline exponent, b, are
then obtained from equation (6) by plotting planar linear
function.

Qahx - ANp 1 bt
- + (6)
g D(1-b) (1-b)
Introducing a Cumulative-rate transform variable, 77, as
— Qabs - ANp (83)
q

= + t
D(1-b) (1-b)
Equation (8b) is a singularity (indeterminate) in the case
of a harmonic equation (b=1) but fit exists in exponential
case (b=0).

A plot of 17 against t will give a straight line as shown
in Figure 1 (family of hyperbolic decline curve and their
respective cum-rate-time transform plot), from which b and
D could be calculated deterministically from the slope and
intercept using the equations below:

__Slope (8b(i))
Slope +1
D= Slope +1

Intercept (8b(ii))
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Figure 1: Cum-Rate-Time Transform Plot of Family of Arp’s Hyperbolic Curves.

Scattered Data

Real production data are not often smooth. However,
this linear formulation gives a good fit on scattered data
with defined decline trend. In cases where this formulation
cannot fit Arp hyperbolic profile on the production data, we
may smoothen the curve using the method in” improved
decline curve fit using as in Decline Constant Harmonization
method. From equation (1c) we for different data set, n, we
obtain equation (9) below.

q=q,(1-D, (t-t,)) 9)

Likewise, the Cumulative production profile can be
smoothened. This involves fitting the quadratic curve
approximation in equation (4) above to give equation
(10) on cumulative production within a short period. This
approximation is derived from binomial expansion of the
second term of equation (10) to the third term (neglecting
the fourth term upwards) fits all hyperbolic decline profile.

_ 4 _ 4q; _ /%
ANPM{D(l_b) D(l_b)(1+bD(t 1)) } (10)

Yields the equation below by quadratic approximation of
the binomial expansion:

D.
v, =a ()20 |y
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Maclaurin expansion of the second term in equation (10)
(considering (t - t ) as variable and truncating at the third
term) also yields same result. The resulting periodic decline,
D;, , will then be tested for geometrical attenuation and if no
geometric relationship is observed, the Decline constant is
then be harmonized as done in the rate - time fit with the
equation below.

b+1

D, (nt,)= D{(Hthp )(J] =Dr"  (12)

=D

in

(ntp) =Dr" (13)

The Decline constant trend ensuring a geometric
attenuation pertain is derived and used to smoothen data
for Production rate and cumulative production. This trend
preserves the hyperbolic nature of the data trend while
smoothening the cumulative and production rate trend with
time. It should be noted that the real data (production data I
and [I-Tables 1 & 2 and Figures 2-4) that were used to validate
this linear form did not utilize data smoothening but gave an
excellent trend. Most importantly check the Appendix for the
multiple regression equations used to solve this production
data I and II problems.
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RATE CUM
t q RATE HYP CUM (HYP-
DATA) | _PROD AN qt q? q*t q*t? %A
months)| { p MBOPM p FIT %A FIT °
( )| _mBopM| (DATA) |¢ ) (MBo) |9ANP qtANp o y (ANp)
0 0 0 417.094017 0
1 400 400 400 400  [160000| 400 | 160000 |160000|160000| 160000 | 399.86033 | 0.03% |399.8603297| 0.03%
2 384 784 384 784  |301056| 768 | 602112 |147456|294912| 589824 | 383.738356 | 0.07% |783.5986858| 0.05%
3 369 1153 369 1153 |425457|1107 [1276371|136161|408483|1225449| 368.631821 | 0.10% |1152.230507| 0.07%
4 355 1508 354.454814 | 0.15% | 1506.685321| 0.09%
5 342 1850 341.130469 | 0.25% | 1847.81579 | 0.12%
6 330 2180 328.589828 | 0.43% |2176.405618| 0.16%
7 318 2498 316.770881 | 0.39% | 2493.176499| 0.19%
8 307 2805 305.617727 | 0.45% | 2798.794227| 0.22%
9 296 3101 295.079865 | 0.31% |3093.874092| 0.23%
10 286 3387 285.111568 | 0.31% | 3378.98566 | 0.24%
11 276 3663 275.671349 | 0.12% | 3654.657009| 0.23%
12 267 3930 266.721492 | 0.10% |3921.378501| 0.22%
1153 2337  [886513[2275 [2038483(443617|863395(1975273 0.23% 0.15%
n=3
Mq =-58.5
D(/MONTH) = 0.042735
Mqgt=-1.5
b=0.6
Q, = 24400
q,(MBOPM) = 417.09402

Table 1: Production Data [ and Multiple Regression Calculations.

Cumulative production data was generated using quadratic approximation in equation (11) because exact number of days in the
months were not known.

Figure 2: Cum-Rate -Time Fit On Production Data I.
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. . oA

fime | Rte | TR nate ata).| cumProd (BOPD) | AN (MBO) AN t |qtAN | ¢ 2t e [RACHYPEIT o |cum-nyp FIT ’
BOP (Data) | 3 " s EE e g XLA o4

(Years)|(BOPM)| (Days) (ANP)
0 | 20360 0 |667.5409836 0 680.3772247| 1.92% 0
05 | 13260 | 182.625 [434.7540984100653.3197 [434.7540984{100653.3197|43759443.24| 79397 |8E+09|189011[3E+07| 6.3E+09 |436.1136806| 0.31% | 99722.07236 |-0.93%
1 | 8990 | 36525 [294.7540984|167266.5369 [294.7540984|167266.5369/49302497.27|107659|2E+10| 86880 [3E+07|1.16E+10|296.9299534| 0.74% |1655560.0402(-1.02%
15 | 6390 | 547.875 [209.5081967|213311.9877 [209.5081967[213311.987744690609.88|114784|2E+10| 43894 [2E+07|1.32E+10| 211.662753 | 1.03% | 211408.1686 |-0.89%
2 | 4650 | 7305 [152.4590164|246364.1189 156.4276417| 2.60% | 244676.2532 |-0.69%
25 | 3490 | 913.125 |114.4262295|270734.0779 119.024641 | 4.02% | 269618.4341 |-0.41%
3 | 2700 | 1095.75 [88.52459016|289266.0246 92.76600979| 4.79% | 288823.0263 |-0.15%
35 | 2140 | 1278375 |70.16393443|303756.2705 73.77068341| 5.14% | 303940.4263 | 0.06%
4 | 1740 | 1461 [57.04918033| 315372.418 59.67800755| 4.61% | 316064.5253 | 0.22%
45 | 1440 | 1643.625 [47.21311475|324892.8689 48.99434933| 3.77% | 325944.3294 | 0.32%
5 | 1220 | 1826.25 40 332856.5164 40.7423734 | 1.86% | 334107.112 | 0.38%
55 | 1050 |2008.875 [34.42622951|339652.5615 34.26378447 | -0.47% | 340933.0336 | 0.38%
6 | 918 | 21915 [30.09836066|345544.4631 29.10385005 | -3.30% | 346701.9666 | 0.33%
65 | 814 |2374.125 [26.68852459|350729.8156 24.94140698| -6.55% | 351623.7584 | 0.25%
7 | 731 | 2556.75 [23.96721311|355355.3176 21.54512432|-10.11%)| 355858.3324 | 0.14%
75 | 664 |2739.375|21.7704918 |359531.7418 18.74542713|-13.90%| 359529.3458 | 0.00%
8 | 610 | 2922 20 363345.9098 16.41603606|-17.92%)| 362733.6678 |-0.17%
85 | 565 |3104.625 |18.52459016|366863.6865 1446156562 |-21.93%)| 365548.0814 |-0.36%
9 | 528 | 3287.25 [17.31147541|370135.9672 12.80902965 |-26.01%)| 368034.1019 |-0.57%
95 | 497 |3469.875 [16.29508197| 373204.666 1140191994 |-30.03%)| 370241.4952 |-0.79%

939.0163934481231.8443(137752550.4| 3E+05 |5E+10|3E+05 [9E+07| 3E+10 4.9 7% -0.19%

n=3

Mq =-585.6142491

D(/DAY) = 0.002636443

Mqt = -0.543938699

B = 0.352305891

Q= 398438.5976

q,(BOPD) = 680.3772247

q,(BOPM) = 20751.50535

Table 2: Production Data li and Multiple Regression Calculation.
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Figure 3: Cum-Rate -Time Fit on Production Data I Compares to Rate-Time Fit.

o

Figure 4: Cum-Rate -Time Fit on Production Data Ii.

J

Conclusion and Recommendation

Cum-rate-time method of fitting hyperbolic curves
is always the best method and most accurate when rate-
time data is smoothened. Although a reduction in time
intervals can also improve rate time method but it’s never as
accurate as cum-rate-time method. As mentioned above, the
cumulative production-time data is naturally smoothened to
improve the accuracy of the fit. This method estimates q, b
and D and this underscores the reason for its accuracy. The
three recommended methods for this fit are the graphical
(A three - dimensional graph plot), least square method and

Nwankwo KO and Nwankwo PC. Accurate Oil and Gas Production Decline Curve Fit Using Cumulative

the combined least square and two-dimensional graph. The
least square method is the most solvable while the three -
dimensional graphical is the simplest but will require some
graphical software aid.

Calculation of Mobile oil in place is enabled from the
cum-rate-time linear fit methodology and this is simply the
Z-intercept of the straight line fit in the three-dimensional
graph. This is one important value that has not been
realized from decline curve fit since principles has been
formulated from the principles of loss ratio. The Cumulative
Production - Production Rate - Time fit is a near perfect fit
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of cumulative production, production rate versus time and
hence accurately trends production rate as a function of
time. Based on the trended rates over time a 5-year reliable
forecast is achievable with production rate with time
assuming production conditions remain same.

In likewise manner, the cumulative production trends
over time are even more accurate than the production
rate time profile. A 7-year reliable forecast of cumulative
production versus time can be obtained. This was
demonstrated in Figure 4 above. The usefulness of this
trend cannot be overemphasized. Based on fluency of the
Cumulative production trend with time, the estimation of
remaining reserves at any point in time (which is a direct
subtraction of the cumulative production at that point in
time from the Recoverable oil (expected total recovery
at abandonment)) is obtainable. This makes reserves
accounting very flexible and trending the reserves with time
is also fluent.

Booking of reserves entails using the two methods,
Production rate versus time and Production rate versus
Cumulative production profile methods. A comparison of
results from both methodologies is done and sometimes
plots of reserves estimated are done to get the point of similar
results which is the reserves value that will be booked. These
are no longer necessary with this linear form as the reserves
will be deterministic and no longer iterative. Most wells are
without totalizers to measure their production. Cumulative
production of wells and hence cumulative production of the

Nwankwo KO and Nwankwo PC. Accurate Oil and Gas Production Decline Curve Fit Using Cumulative

associated reservoirs from such wells are complex estimating
and the results from such are not accurate. However, using
this method and building a solution node network the
different wells cumulative production calculation accuracy
can be improved upon.
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